Abstract. We generalize the notion of a projective profinite group to a projective pair of a profinite group and a closed subgroup.
the C notation, if C is the family of all finite groups. See Section 2.2 for precise definitions.
The notion of C-projective pairs generalizes the notion of C-projective groups (Proposition 2.4). Moreover we give several characterizations of C-projective pairs including the lifting property (Proposition 2.10) and a non-abelian cohomology characterization (Proposition 2.12).
Projective pairs and pseudo algebraically closed extensions of fields.
The motivation for this new notion of projective pairs lies in the theory of fields.
To explain this connection we start with the classical case of projective groups. Ax-
Lubotzky-v.d. Dries Theorem asserts that the class of all projective groups coincides
with the class of all absolute Galois groups of a special kind of fields, namely Pseudo Algebraically Closed (PAC) fields, see [5, Corollary 23.1.3] . It is important to note that there are non-PAC fields whose absolute Galois group is projective, e.g. F q , C(t), and Q ab (the latter being the maximal abelian extension of Q).
In [8] Jarden and Razon generalize the notion of PAC fields and define PAC extensions. (See the introduction of [1] for a short survey on PAC extensions and their applications). Basing on [1] we prove an analogous connection between projective pairs and PAC extensions of PAC fields (see Theorem 1.1 below). Note that in the case M/K is algebraic we have a characterization. Note that (1) implicitly implies that the restriction map Gal(M) → Gal(K) is injective even if M/K is not algebraic. This is indeed true, see [1, Theorem 4.2] .
In [8] Jarden and Razon prove that if K is a countable Hilbertian field and e ≥ 1 an integer, then for almost all σ = (σ 1 , . . . , σ e ) ∈ Gal(K) e K s (σ) = {x ∈ K s | ∀i σ i (x) = x} is a PAC extension of K. Moreover they prove that if M/K is PAC and L/K is algebraic, then LM/L is PAC. From these two results all the known examples of PAC extensions are derived, cf. [4] for several explicit constructions of that kind.
However much is unknown, for example, for a finitely generated infinite field K we do not know if there exists a PAC extension M/K whose absolute Galois group Gal(M) is not finitely generated [3, Conjecture 7] .
We purpose here a new group theoretic method to construct PAC extensions.
• Start with a PAC extension M/K.
• Find a PAC extension E/M. Since M is a PAC field, to find E is the purely group theoretic problem of finding a subgroup Γ of Gal(M) such that (Γ, Gal(M)) is projective (Theorem 1.1).
• By the transitivity of PAC extensions [1, Theorem 5] E/K is PAC.
Many constructions can be generate by this method. In here we apply it to relatively small infinite extensions of any countable Hilbertian field, such as Q. Theorem 1.2. Let P be a countably generated projective group, K 0 a countable Hilbertian field, and K/K 0 an abelian extension of K 0 such that
At the moment our method does not apply for a finitely generated infinite field K. If (Γ, Λ) is a projective pair, then Γ is a quotient of Λ (Corollary 2.17). Thus if Gal(M) is finitely generated, then Gal(E) constructed by the above method will also be finitely generated. 2. Definition and characterizations of projective pairs 2.1. Melnikov formations. Throughout this work C is a fixed Melnikov formation of finite groups. That means that C is a family of finite groups that is closed under taking fiber products and given a short exact sequence
we have that A, C ∈ C if and only if B ∈ C. In particular, C is closed under direct products.
The following three families are Melnikov. The family of all finite groups; the family of all p-groups; the family of all solvable groups. More generally, if S is a set of simple finite groups, then the family of all finite groups whose composition factors are in S is a Melnikov formation.
2.2. Double embedding problems. Let Γ ≤ Λ be pro-C groups. A C double embedding problem, or in short C-DEP, for the pair (Γ, Λ) is a commutating
where G, H, A, B ∈ C, A ≤ B, G ≤ H, i, j, ϕ are the inclusion maps, and α, µ, β, ν are surjective. Therefore a C-DEP consists of two compatible C-EPs: the lower embedding problem (µ, α) for Γ and the higher embedding problem (ν, β) for Λ.
In case C is the family of all finite groups, we omit the C notation and simply say that (1) is a DEP. Sometimes we abbreviate (1) and write ((µ, α), (ν, β)).
A C-DEP is said to be split if α and β have sections, i.e., there exist α ′ : A → G and β ′ : B → H for which αα ′ = id A and ββ ′ = id B . We emphasize that no compatibility condition on α ′ and β ′ is required, i.e. we allow that jα
If the groups G, H, A, B are pro-C, then (1) is a pro-C-DEP.
Given weak solution η : Γ → G of the lower embedding problem and weak solution θ : Λ → H of the higher embedding problem, we say that (η, θ) is a weak solution of Proof. In order to solve pro-C-DEPs for (Γ, Λ) we need to solve more general pro-C-DEPs, in which the maps of the pro-C-DEP are not necessarily surjective.
In case of C-DEPs, we can solve such C-DEPs. Indeed, assume that in (1) ν, µ are not surjective. First ker(α), ker(β) ∈ C since they are normal subgroups. Next
Replace A, B with ν(Γ), µ(Λ) and G, H with α −1 (ν(Γ)), β −1 (µ(Λ)). In this new C-DEP all the maps are surjective. So by assumption there is a weak solution.
Let us move to the more general case of pro-C-DEP: Consider a pro-C-DEP (1) and write K = ker(β). We prove the assertion in two steps.
Step A: Finite Kernel. Assume K is finite. Then G is open in KG since (KG :
Choose an open normal subgroup U ≤ H for which U ∩ KG ≤ G and K ∩ U = 1 (note that K is finite and H is Hausdorff). Then U ∩ KG = U ∩ G. By the second isomorphism theorem (in the group UG) we have
that is to say
respectively.
SinceH ∈ C, there is a homomorphismθ : Λ →H withθ(Γ) ≤Ḡ (letη =θ| Γ )
for which
are commutative diagrams. The right square in the right diagram is a cartesian
.7(c)]). Hence we can liftθ to
Step B: The General Case. We use Zorn's Lemma. Consider the family of pairs (L, θ) where L ⊆ K is normal in H, θ is a weak solution of the following embedding problem, and θ(Γ) ⊆ GL/L.
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Hence (L, θ) is not minimal. However it is unknown whether one can solve profinite double embedding problems for (Gal(M), Gal(K)). Hence Proposition 2.2 strengthens this property in case K is PAC (via Theorem 1.1).
The next result shows that C-projective pairs generalize C-projective groups. Let β : H → A be any epimorphism of pro-C-group satisfying G ≤ H and β| G = α. Then θ is a weak solution of (µ, α) if and only if (θ, θ) is a weak solution of
Remark 2.5. From Proposition 2.13 below it also follows that Λ is C-projective if and only if (Λ, Λ) is C-projective.
From technical perspective, it is important to dominate a pro-C-DEP by a more convenient one, e.g. split pro-C-DEP. Let us make a precise definition.
Definition 2.6. Let Γ ≤ Λ be pro-C groups and consider the following two C-DEP for (Γ, Λ).
We say that ((μ,α), (ν,β)) dominates ((µ, α), (ν, β)) if there exist epimorphisms π i , i = 1, 2, 3, 4 making the following diagram commutate.
Clearly every weak solution (η,θ) of the dominating C-DEP induces a solution (η, θ)
of the dominated C-DEP by setting η = π 1η and θ = π 2θ . 
(Here all the maps are canonically defined.)
To finish the proof we need to show that bothα andβ defined in the above diagram have sections. Letα ′ :Â →Ĝ be defined byα ′ (x) = (η(x), x), x ∈Â, and similarly letβ ′ :B →Ĥ be defined byβ
x ∈Â andβ(β ′ (x)) = x, x ∈B, i.e. bothα andβ split, as needed.
Corollary 2.8. Let (Γ, Λ) be a pair of pro-C groups and suppose that Λ is Cprojective. Then (Γ, Λ) is C-projective if and only if every split C-DEP is weakly solvable.
Proof. Since Λ is C-projective, Γ is also C-projective. In other words, every finite embedding problem for Λ (resp. Γ) is weakly solvable. Lemma 2.7 implies that every C-DEP for (Γ, Λ) is dominated by a split C-DEP.
The converse is trivial.
Recall that for a pro-C group Λ to be C-projective it is necessary and sufficient that any short exact sequence of pro-C groups
splits. A similar characterization is given in the next result for a pair (Γ, Λ) of pro-C groups.
Corollary 2.9. Let (Γ, Λ) be a pair of pro-C groups. Then (Γ, Λ) is C-projective if and only if the rows of any exact commutative diagram of pro-C groups
compatibly split. That is to say, there exists a section β ′ : Λ → ∆ of β such that 
for (Γ, Λ). Then any weak solution η of the lower embedding problem can be lifted to a weak solution (η, θ) of (3).
Proof. Let η : Γ → G be a weak solution of the lower embedding problem (µ, α).
DefineĤ = H × B Λ and let π :Ĥ → H andβ :Ĥ → Λ be the quotient maps. Let Hence,η =α −1 .
Let η ′ = π|Ĝη and θ = πθ. Then (η ′ , θ) is a weak solution of (3). Moreover
i.e. (η, θ) is a weak solution of (3), as needed.
We give two characterizations of C-projective pairs. The first follows from the lifting property using the same argument that implied Corollary 2.9 from Proposition 2.2. The second is in terms of non-abelian cohomology.
Corollary 2.11. Let (Γ, Λ) be a C-projective pair and consider a diagram as in Corollary 2.9. Then any section α ′ of α can be lifted to a section β ′ of β.
Proposition 2.12. Let Λ be a C-projective group and Γ a subgroup. The pair (Γ, Λ)
is C-projective if and only if for any pro-C group A on which Λ acts the restriction map
is surjective.
Proof. Recall that there is a natural identification between H 1 (Λ, A) and sections of the quotient map β : A ⋊ Λ → Λ. More precisely, every x ∈ H 1 (Λ, A) induces the section β ′ defined by β ′ (λ) = x(λ)λ, λ ∈ Λ and vice versa a section β ′ of β induces
Corollary 2.11 applied to
Clearly the restriction of y to Γ is x.
Next assume that the restriction map
Since Λ is C-projective, Γ is also C-projective, and hence both rows split. Identify ∆ with B ⋊ Λ via some fixed section of β. Let α ′ be a section of α and x ∈ H 1 (Γ, A) ≤ H 1 (Γ, B) the corresponding cocycle (i.e. x(γ) = α ′ (γ)γ −1 ). By assumption there exists a cocyle y ∈ H 1 (Λ, B) satsifying y| Γ = x. Let β ′ be the induced section of β.
Then for all γ ∈ Γ we have
Therefore β ′ | Γ = α ′ and by Corollary 2.11 (Γ, Λ) is C-projective.
Proposition 2.13 (Transitivity
Proof. For (a) assume that (Λ 3 , Λ 1 ) is C-projective. Consider a commutative dia-
Here ψ 3 is injective, ψ 2 is the inclusion map, Λ 1 * ∆ 2 is the free product of Λ 1 and
, and π is defined
There exist compatible sections β 3 , β 1 of α 3 , α 1 (Corollary 2.9). Let β 2 = πβ 1 | Λ 2 .
By the above commutative diagram, β 3 , β 2 are compatible sections of α 3 , α 2 , and thus (Λ 3 , Λ 2 ) is C-projective (again Corollary 2.9).
1 The free product exists in the pro-C category. Indeed it is the maximal pro-C quotient of the profinite free product of Λ 1 and Λ 2 (b) easily follows from Proposition 2.12: Let A be a pro-C group together with a Λ 1 -action. Since the restriction map r 1,3 :
and both r 1,2 and r 2,3 are surjective (Proposition 2.12) we get that r 1,3 is surjective.
Consequently, (Λ 3 , Λ 1 ) is C-projective (again Proposition 2.12).
Remark 2.14. Let Λ 3 ≤ Λ 2 ≤ Λ 1 be pro-C groups. We show it does not suffice that (Λ 3 , Λ 1 ) be C-projective for (Λ 2 , Λ 1 ) to be C-projective. For this purpose look at
Projective pairs behave well under taking subgroups.
Proposition 2.15. Let (Γ, Λ) be a C-projective pair, let Λ 0 ≤ Λ be a subgroup, and
Proof. Let E 0 ≤ ∆ 0 be pro-C groups with ψ : E 0 → ∆ 0 the inclusion map, and let α 0 : E 0 → Γ 0 and β 0 : ∆ 0 → Λ 0 be epimorphisms satisfying β 0 | E 0 = α 0 . Let ∆ = Λ * ∆ 0 , E = Γ 0 * E 0 and let i 1 : ∆ 0 → ∆ and i 2 : E 0 → E be the corresponding injections. We define maps π 1 : ∆ → ∆ 0 and β : ∆ → ∆ 0 by setting π 1 | Λ = 1,
, and β| ∆ 0 = β 0 . Similarly we define π 2 : E → E 0 and α : E → Γ.
By Corollary 2.9 there exist compatible sections α ′ and β ′ of α and β, respectively. 
Since θ(Γ) = Γ/N, it follows that ΓM = Λ, and in particular, ΓM = Λ.
To conclude the proof, note that if N ⊳ Γ, then N =N , and hence M =M . So M ⊳ Λ, as needed.
Taking N = 1 in the above result we get the following splitting corollary.
3. Families of projective pairs 3.1. Free products. We say that Γ is a free factor in Λ if there exists a subgroup N of Λ such that Λ = Γ * N. Then β ′ is a section of β which is compatible with α ′ . Thus (Γ, Λ) is C-projective (Corollary 2.9).
For a cardinal κ letF κ denote the free pro-C group. The following result appears in [7] (for κ = ℵ 0 ).
Lemma 3.2 (Haran and Lubotzky).
Let κ be an infinite cardinal and let P be a C-projective profinite group of rank ≤ κ. ThenF κ ∼ = P * F κ .
Combining the above two results yields a family of C-projective pairs. For the result of this section we need to add one condition to C, namely we require that C be closed under taking subgroups. Then the pro-C category is closed under taking subgroups.
Proposition 3.4. Let Λ =F ω be the free pro-C group of countable rank. Then for almost all σ ∈ Λ e (w.r.t. the Haar measure on Λ) ( σ , Λ) is C-projective.
Proof. Let m denote the normalized Haar measure on Λ e . Let
be a C-EP for Λ, let b ∈ B e , let A = b be the subgroup of B generated by b, and let h ∈ H e be such that β(h) = b. Define Σ = Σ(b, h, µ, β) ⊆ Λ e to be the following set.
that is to say, all σ ∈ Λ e such that there exists a weak solution θ of (4) with
, where C is the coset of ker(µ) e in Λ e for which µ(C) = b.
We break the proof into three parts. In the first two we show that m(Σ ∩ C) = m(C), and hence m(Σ) = 1.
Part A:Construction of solutions. Let
It is equipped with canonical projections
Note thatβ does not depend on i and is an epimorphism.
Let θ : Λ → ∆ be a solution of (µ : Λ → B,β : ∆ → B) (for the existence of θ see [5, Proposition 25.6 .2]). Then for every i ∈ N the map θ i = π i θ is a solution of (4).
Moreover, by [2, Lemma 2.5] the set {ker(θ i )} is an independent set of subgroups of ker(µ).
Part B:Calculating m(Σ). For each i ∈ N take the coset X i of ker(θ i ) e with
it follows that X i ⊆ C. Moreover, Part A implies that {X i | i ∈ N} is an independent set in C.
By the Borel-Cantelli Lemma since
|H| e = ∞ we get that m C (X) = 1. Here m C is the normalized Haar measure on C and
So it suffices to show that X ⊆ Σ.
Indeed, let σ ∈ X. Then σ ∈ X i for some i. It implies that θ i is a solution of (4) and that θ i (σ) = h. Hence σ ∈ Σ and X ⊆ Σ, as desired. Part C:Conclusion.
Let Υ be the intersection of all Σ(b, h, µ, β). Since there are only countably many of them and each is of measure 1, we have m(Υ) = 1. Let σ ∈ Υ and let Γ = σ .
Then (Γ, Λ) is C-projective. Indeed, consider a C-DEP as in (1) and choose
Remark 3.5. In the above theorem we actually prove that for almost all σ ∈ Λ e the pair ( σ , Λ) has the following stronger lifting property. For any C-EP (1) and for any h ∈ G e that satisfies α(h) = µ(σ) there exists a weak solution θ : Λ → B with θ(σ) = h.
Restrictions on projective pairs
Lemma 4.1. Let (Γ, Λ) be a C-projective pair and assume that Γ ⊳ Λ. Then either
Proof. Assume that both Γ and Λ/Γ are not trivial, and let η : Γ → A and ν : Λ → G be epimorphism onto nontrivial C-groups. Recall that the wreath product of A and
where α is the quotient map, implies that A ≀ G ∈ C. Identify A with the subgroup
By the lifting property (Proposition 2.10) we can extend η to a weak solution
that ν(λ) = g, and let h = θ(λ). Then h = f g for some f ∈ A G . Then
This contradiction implies that either Γ = 1 or Λ/Γ = 1, as desired. is not C-projective. 
Applications to PAC extensions
In this section we shall use the following notation from [1, Section 2]. An em- Over PAC fields any finite split embedding problem is rational (see e.g. [9, 6] 
